A set of points in d-dimensional Euclidean space is almost equidistant if among any three points of the set, some two are at distance 1. We show that an almostequidistant set in R d has cardinality O(d 4/3 ).
1/ √ 2.) A construction of Larman and Rogers [8] shows that f (5) ≥ 16. Since there does not exist a set of d + 2 points in R d that are pairwise at distance 1, it follows that f (d) ≤ R(d + 2, 3) − 1, where the Ramsey number R(a, b) is the smallest n such that whenever each edge of the complete graph on n vertices is coloured blue or red, there is either a blue clique of size a or a red clique of size b. Ajtai, Komlós, and Szemerédi [1] proved R(k, 3) = O(k 2 / log k), which implies the asymptotic upper bound f (d) ≤ O(d 2 / log d). Balko et al. [3] generalized the Nechushtan configuration to higher dimensions, giving f (d) ≥ 2d + 4 for all d ≥ 3. They also obtained the asymptotic upper bound f (d) = O(d 3/2 ) by an argument based on Deaett's paper [6] . Using computer search and ad hoc geometric arguments, they obtained the following bounds for small d: f (4) ≤ 13, f (5) ≤ 20, 18 ≤ f (6) ≤ 26, 20 ≤ f (7) ≤ 34, and f (9) ≥ f (8) ≥ 24. Polyanskii [10] subsequently improved the asymptotic upper bound to f (d) = O(d 13/9 ).
In this note we obtain a further improvement to the upper bound.
Its proof is based on the approach of Balko et al. [3] . Before giving the proof of Theorem 1 in Section 3, we collect some lemmas in the next section.
Preliminaries
We call a finite subset C of R d (the vertex set of) a unit simplex if the distance between any two points in C equals 1. It is well known that if C is a unit simplex then |C| ≤ d + 1. Given any finite V ⊂ R d , we define the unit-distance graph G = (V, E) on V to be the graph with vw ∈ E iff v − w = 1. Thus, C ⊂ V is a unit simplex iff it is a clique in G. We denote the set of neighbours of v ∈ V in G by N (v).
The following well-known lemma gives a lower bound for the rank of a square matrix in terms of its entries [2, 6, 11] .
Proof. We may translate C so that c is the origin o. Write C = {p 1 , . . . , p k }. By symmetry, α := p i 2 is independent of i, and β := v i , v j (i = j) is independent of i and j. Then
Solving these two linear equations in α and β, we obtain α = 
Proof of Theorem 1
Let G be the unit-distance graph of the almost-equidistant set V . Thus, the complement of G is K 3 -free, and the non-neighbours of any vertex form a unit simplex. Let C be a clique of maximum cardinality in G. Write k = |C|. Each v ∈ V \ C is a non-neighbour of some point in C, and it follows that |V | ≤ |C| + |C| k = k 2 + k. Thus, without loss of generality, k > d 2/3 . We split V up into two parts, each to be bounded separately. Let
We first bound the complement of N . Consider the set
For each v ∈ V \ N , there are more than
On the other hand, for each u ∈ C, the set of nonneighbours of u forms a clique, so has cardinality at most k, and
Next we estimate |N |. Without loss of generality, 
By Lemma 3,
By the triangle inequality,
and 
hence by applying Cauchy-Schwarz a few times,
By Claim 1,
Therefore,
Substitute this back into (2) to finish the proof of Claim 2.
We now finish the proof of the theorem. By Claim 2, 
